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Continuity and Differentiability -

I3

an unbroken curve first, a well-defined tangent second: neither one is automatic
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\ that point, even if the other two hold perfectly

Continuity at a point

condition 1: f(a) is defined, a real number actually £(a)
comes out

condition 2: the Limit approached with x
below a matches the limit approached
with x above a

LHL = RHL

condition 3: that common Limit
equals the function's own value LHL = RHL
ata

£(a)

]

drop any one of the three and continvity fails at
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#lgebra of continuous functions

f and g both continuous at a: their sum,
difference and produd' are too

'F+9 ) 'F’g ) 'cg

their quotient is continuous at a as well, needs g(a) £

not zero 9

9(f(x))

a continuous function of a continuous function
stays continuous

every polynomial ic continuovs everywhere itc built
purely from sums and products of x; the quotient
rule is where a denominator can quietly break
things at its own zeroe

Three ways continuity fails at x=a *

check the limit and the function value at

a
(HL and RH( don't limit existe, Fla) limit and f(a)
match undefined disagree

a mismatched )
value

a hole in the
domain

no limit at all
the fwo-sided limit
does not exist

there'c nothing the curve jumps to

plotted af x=a to

compare against

a different height
right at a
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Check continuity of a piecewise
function at x=|
Q. Flx) = < for <1, and flx) = 2x-1 for x>1. Ic f

continvous at x=17

() (1) = 2 = 1, using the x? branch since 11
() Limit from below: as x approaches 1 with x<1, x*
approaches 1 = 1

@ limit from above: as x approaches 1 with x>1, 2x-1
approaches 2(1)-1 =1

@ both one-sided Limits equal 1, so the two-sided Limit
exists and equals 1

@ compare: the Limit (1) matches f(1) (1)

Answer ¥ is continuous at x=1
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Differentiability

o fis differentiable at a when the Llimit of [f(a+h)-
f(a)1/h, as h approaches 0, exists

o that same Limit must be identical whether h approaches
0 from positive or neqative values

» differentiable at a point always forces continuous
there: no exception to this direction

= converse fails: |x| is continuous at x=0 but not
differentiable; one-sided Limits give -1and +1
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Continuous vs differentiable at a point
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Continuous Differentiable
9 * needs the same slope
approaching from
both sides
2 * always implies

continuous; the

Flx)=x[: an unbroken
converse fails at a

I/ eontinvous

everywhere including corner

the corner af the
m’dd,’e

just needs LHL = RHL =
f(a)

® acorner, Like |xl at 0,

is still continuous
J

[x[ ic the ctanding example: continvous af x=, but: ife
two one-sided clopec dicagree there
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